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Abstract 

We consider differential operators over a noncommutative algebra A generated by 
vector fields. These are shown to form a unital associative algebra of differential op- 
erators, and act on A-modules E with covariant derivative. We use the repeated 
differentials given in the paper to give a definition of noncommutative Sobolev space 
for modules with connection and Hermitian inner product. The tensor algebra of vec- 
tor fields, with a modified bimodule structure and a bimodule connection, is shown to 
lie in the centre of the bimodule connection category a£a, and in fact to be an algebra 
in the centre. The crossing natural transformation in the definition of the centre of 
the category is related to the action of the differential operators on bimodules with 
connection. 

1 Introduction 

The reader will be familiar with the local description of differential operators involving 
partial derivatives along coordinate directions on a manifold. This can be modified to 
be given in terms of derivatives along globally defined vector fields. In this paper we 
will consider the noncommutative analogue of such differential operators. We will not 
consider pseudo-differential or fractional differential operators. 

Take a possibly noncommutative algebra A, with differential structure given by a 
differential graded algebra Q, n A (with ft A = A), differential d : Cl n A -> Q n+1 A (with 
d 2 = 0) and product A (see [5] for a more detailed description). We shall assume 
that Vl l A is finitely generated projective as a right A module, and set the vector fields 
VecA = Hom J 4(f2 1 A, A), the right module maps from il x A to A. These vector fields 
will not act on the algebra A as derivations in general. However this dual idea is just 
what corresponds to vector fields in commutative geometry. 

We take the tensor algebra of vector fields, 

TVecA = A0VecA0VecA|VecA0VecA®VecA|VecA0... 
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and give it a new associative product •, involving differentiating the vector fields. 
This new algebra TVecA, then acts on modules with covariant derivative by repeated 
differentiation. This is the content of one of the main results, Theorem 14.51 

One feature of this paper is the number of covariant derivatives used, but this 
should not be too surprising. Given a left module E with a left covariant derivative 
V# : E — > n x A (&a E, if we apply the covariant derivative twice (without using the 
wedge product, which would give curvature) we have to differentiate elements of Q, l A, 
and the most convenient way to do that is by a right covariant derivative □ : 17 1 A — >• 
Q, 1 A'gi A Q, 1 A. The vector fields VecA are dually paired with fi^A, and we obtain an 
induced left covariant derivative □ : VecA — s> il x A (£>a VecA (It will be convenient to 
overload the symbol □ and distinguish these just by their domain.) We also have to 
assume that □ is a bimodule covariant derivative. This idea had its origins in [5J [7] and 
[22] , and was later used in [171 [9] . In [4] it was shown that this idea allowed tensoring 
of bimodules with connections. 

We use the category a £a of Abimodules with bimodule covariant derivative (see 
Definition ^. 51) . The Abimodulc TVecA with the bimodule covariant derivative given 
in Proposition 17.11 is in the centre Z(a£a) of a£a, using the natural transformation 
: TVecA, ® A — => — ® A TVecA, defined in Proposition 16.11 In addition TVec A, is 
a unital associative algebra in Z( a £a), using the previously mentioned product •. The 
natural transformation is related to the action of differential fields on modules with 
connection by Fig. [3] This is the content of the other of the main results, Theorem 

We can view classical vector fields as the Lie algebra of the diffeomorphism group, 
or 'infinitesimal' diffeomorphisms. Then we can give a coproduct on the tensor algebra 
over the Lie algebra, and make a bialgebra. It might be expected that a similar 
construction in the noncommutative case would give rise to a Hopf algebroid [3J, or 
something similar. However those familiar with the theory of Hopf algebroids will be 
expecting complications. We have given the crossing natural transformation and the 
centre of the category construction as an alternative method to describe the action of 
differential operators on tensor products of bimodules with bimodule connection. It is 
not at all obvious whether a coproduct can be made to work, and we would be happy 
to hear from other authors on the matter. One interesting coproduct, though not quite 
what is needed in this case, is the braided shuffle coproduct [25] . 

In Section[5]we define noncommutative Sobolev spaces for modules with connection, 
using Hermitian inner products. [Here make the assumption, not required elsewhere, 
that the algebra A is a dense subalgebra of a C*-algebra.] The reader who is familiar 
with Sobolev spaces will probably (and correctly) think that this is the easy part. 
However it is our hope that this definition will prompt people to look at the difficult 
part, the Sobolev embedding results. The interesting part here is that the dimension of 
the manifold explicitly appears in the classical Sobolev embedding results. Presumably 
a noncommutative version would have to make reference to a dimension of the algebra 
A, and there arc quite a few different definitions of dimension to choose from. 

It would be rather dishonest if we were to imply that many of the results were 
originally proved in the line by line form used for proofs here, it was much more 
usual to originally work with a diagrammatic form, and we give several figures to 
illustrate this. This form is basically the usual diagrams for the monoidal category 



2 



of A-bimodules with (gu as the tensor operation. The reader is reminded that the 
tensor product E <E>a F is the tensor product over the field E <E>c F, quotiented by the 
additional relations 

e.a® f — e®a.f = , 

for all e £ E, f £ F and a £ A. It is the appropriate tensor product to use to replace 
the pointwise tensor product of sections of vector bundles in the commutative case. 
If A = C(X) (the continuous functions on X) and E and F are modules of sections 
on vector bundles over X, then E®aF is the sections of the tensor product bundle. 
Now, many of the diagrams or equations we will use involve operations which are not 
bimodule maps, and therefore do not sit neatly within this bimodule tensor category 
formulation. The best example of this is in Proposition l2.4l where we have an operation 
^e®f on a tensor product E>S>aF, which is a sum of two operations, but neither of 
these two operations is well defined on E ®a F (i.e. they may differ when applied to 
e.a <g> f and e (g> a.f). The reader should think of these operations as being applied to a 
fixed element of the tensor product over the field E CS>c F, with operations being lifted 
to operations on the tensor product over the field also. In this manner each diagram or 
equation can be given a meaning, and the problem of well definition over ®a checked 
later. 

The reader should note that we continue with the bimodule covariant derivative 
and finitely generated projective assumption for ^}A stated in Section [21 and the 
consequences for VecA, throughout the rest of the paper. For notation, the reader 
should note that we use the 'generalised braidings' a and er _1 in a manner consistent 
with the notation on braided categories, so we may define cr _1 as the basic object, and 
denote its inverse (if it exists) by a. Similarly we often use the symbols a and a^ 1 to 
stand for different maps, which are distinguished by their domains. This overloading of 
symbols is quite well defined, and was found to be preferable to adding many subscripts 
to the formulae. 

The authors would like to thank N.C. Phillips for useful advice on operator algebras, 
and S. Majid and R. Street for very helpful comments regarding category theory. 

2 Preliminaries 

2.1 Finitely generated projective modules 

Let A be a possibly noncommutative unital algebra. The (right) dual F' of a right 
A- module F is defined to be Hom^i* 1 , A), the right module maps from F to A. Then 
F' has a left module structure given by (a.a)(f) = a.a(f) for all a £ F', a £ A and 

feF. 

Definition 2.1 A right A-module F is said to be finitely generated projective if there 
are f % e F and fi £ F' (for integer 1 < i < n) (the 'dual basis') so that for all f £ F, 
/ = 53 /*•/*(/)■ From this it follows directly that a = Y] a(f l ).fi for all a £ F' . The 
A valued matrix P q j — f q (f J ) is an idempotent associated to the module. 
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If F is a bimodulc, then F' is also a bimodule, with left module structure given 
previously, and right module structure (a.a)(f) = a(a.f). If in addition F is finitely 
generated projective as a right A-module, we have bimodule maps 



ev : F 1 ® F -4 A 

A 



coev : A -t F <g> F' 



given by ev(a ® f) = a(f) and coev(l J 4) = ^ . /* ® These obey the identities 

(ev®id)(id® coev(lA)) = id : F 1 F' , 

(id<g>ev)(coev(l A ) <g> id) = id : F -> F. 



(1) 



In this paper we shall use the usual diagrammatic notation for tensor or monoidal 
categories. Here vertical lines represent the identity maps between objects (modules in 
our case), and tensor product is given by writing the vertical lines next to each other. 
The diagrams are meant to be read from top to bottom. 



F' 



F 1 



F 



F 



coev 




ev 



coev 




Fig. 1 



F 



F 



We give the usual relation between the evaluation and coevaluation maps (already 
given in (JTJ) in pictorial form in Fig. [T] Note that the algebra A is represented by an 
'invisible line' in accordance with the usual diagrammatic notation of the unit element 
in monoidal categories. 



2.2 Differential calculi and covariant derivatives 

Let A be a unital algebra over C. Suppose that the algebra A has a differential 
structure (SIA, d) in the sense of a differential graded exterior algebra VIA = (B n tl n A 
with d increasing degree by 1 and obeying the graded Leibniz rule, and d 2 = 0. We 
suppose that VI 1 A generates the exterior algebra over A, and that 57 1 A — AAA. The 
notion of a covariant derivative in this context is standard [6] : 

Definition 2.2 Given a left A-module E, a left A-covariant derivative is a map V : 
F — > il 1 A® a E which obeys the condition V(a.e) = da(g>e + a.Ve for all e £ F and 
a e A. 

In classical differential geometry there is no difference in whether we multiply a 
section of a vector bundle by a function on the left or right. In the noncommutative 
case there is a difference, and for a bimodule we could require the Leibniz rule for both 
left and right multiplication, but this would turn out to be too restrictive. Instead, 
following [8l [7] and [22] , we make the following definition: 



4 



Definition 2.3 A bimodule covariant derivative on an A-bimodule E is a triple (E, V, a), 
where V : E — > Q}A(B)aE is a left A-covariant derivative, and a : E ®a^ 1 A — > 
Q^A^aE is a bimodule map obeying 



V(e.a) = V(e).a + a(e®da) , Ve e E, a e A 

Now wc consider one of the most immediate reasons to define the bimodule covariant 
derivative, that is to have a covariant derivative on tensor products of bimodules. As 
mentioned in the introduction, this occurred in 4 . 

Proposition 2.4 Given (E,\7e,o~e) a bimodule covariant derivative on the bimodule 
E and Vp a left covariant derivative on the left module F ' , there is a left A-covariant 
derivative on E ®a F given by 

Vfi^f = Vb ®idf + (cb (8)idF)(id_E ® Vf) 

Further if F is also an A-bimodule with a bimodule covariant derivative (V F,ap), then 
there is a bimodule covariant derivative (V e tg> A F, o~e ® a f) on E®aF with 

cte®f = {o-e ®id)(id<g)o-F) ■ 

To illustrate Proposition 12.41 it will be useful to introduce a picture, Fig. [2] This 
is a formula for Vf ® p which illustrates Proposition 12.41 in a pictorial fashion, and 
should be read in the manner of a braid diagram, going down the page. Note that 
oe ■ E <S>a ^A — > V^A <E>a E has been written in Fig. Rafter the manner of a braid, so 
that we may distinguish it from its inverse (if it exists) er^ 1 : &}A ®a E — > E ®a &A, 
which would be written with the crossing the other way. 




SI 1 A E F n l A E F Fig. 2 

The reader should note that neither term in Fig.[2]in isolation is well defined on E ®a F, 
only the sum is. It will be a general principle of our formulae or diagrams that care 
must be taken with operators which are not module maps. It will be convenient to 
think of the operators as defined on £g>c rather than on ®a, with a separate check 
that the required sum of operations is well defined on the given domain. Similarly, to 
illustrate the formula for cte®f in Proposition 12.41 we use Fig. [3] 



E F n^A 




Fig. 3 
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Note that we are not implying that we have any form of braid relation by using this 
notation. However we must comment on notation in the paper. From hard experience 
of the confusion caused by trying it the other way, we shall shall describe products of 
various a and a~ x as braids (we continue to use this term even in the absence of any 
braid relation, and may use the term 'generalised braids'), and frequently not give any 
explicit dependence on domain. The domains can easily be established by a study of 
the formula or diagram. 

Definition 2.5 The category a£ consists of objects (E, Vs), where E is a left A- 
module, and is a left covariant derivative on E. The morphisms T : (E,Ve) 
(F, Vjr) consist of left module maps T : E — > F for which (id<g)T)V.E = Vj?T : E — > 
V!}A®aF. 

The category a£a consists of objects V_e, erg), where E is an A-bimodule, and 
(Ve,o~e) is a bimodule covariant derivative on E, and where <je ■ E ®a^A — > 
Q}A®aE is invertible. The morphisms T : (E,V e,&e) — ► (F,V f,o~f) consist of 
bimodule maps T : E -> F for which (id®T)V B = V F T : E Q 1 A® A F. It is 
then automatically true that o~e{T® id) = (id ® T)o~e- Taking the identity object as 
the algebra A itself, with V = d : A — > VI 1 A® a A = SI 1 A and tensor product as in 
Proposition \2.4\ makes a&A into a monoidal category. 

2.3 Vector fields and n-tuples of vector fields 

We now come to a controversial question: what is a noncommutative vector field on an 
algebra Al We may as well be honest and say that we shall not consider derivations 
on an algebra, though it is possible to use a generalised idea of derivation, see [12j [2] , 
and in certain circumstances the idea of braided derivation would apply, see |201 115) . 
We shall take the approach that the vector fields VecA are the dual of the 1-forms Q}A 
(see[T]). 

With quite weak conditions on the topology, the space of sections of a locally trivial 
finite dimensional vector bundle on a finite dimensional space X obeys the finitely 
generated projective property as a module over C(X), the continuous functions on 
X. This is part of the content of the Serre-Swan theorem, and is the foundation of 
if-theory. From this, it is reasonable to suggest that the module of 1-forms on a 'finite 
dimensional noncommutative manifold', whatever that is, should be finitely generated 
projective. As we have seen in Subsection 12.11 there is then a nice idea of the dual, 
and we define, as in the classical case, the vector fields VecA as the dual of the 1-forms 
f^A. As we are in the noncommutative case, we need to choose a side, so we choose 
Q}A to be finitely generated projective as a right module, and then we take VecA to 
be the right module maps from SI 1 A to A. There is of course a certain symmetry here, 
we could have defined fi 1 A as the left dual of VecA. However as A is considered to be 
an algebra, the idea of a differential calculus as a differential graded algebra extending 
A has proven to be more popular, and thus we take J7 1 A as the fundamental object. 

We suppose that VI 1 A is finitely generated projective as a right A module, and set 
VecA = Houla^ 1 A, A). We denote the evaluation and coevaluation maps by 

cv : VecA <g> fi 1 A -> A , coev : A -> 9} A <g> VecA . 

A A 
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Copying from Fig. [TJ the relation between the evaluation and coevaluation maps is 
given by Fig. [4] 



VecA VecA 
coev 




ev 




ev 



Fig. 4 



VecA VecA r^A ft 1 A 

We shall require multiple copies of 1-forms and vector fields, so we define 

Vec®°A = A , Vec®"A 



VecA ® VecA ® . . . ® 
ft®°A = A, fi®"A = fi 1 A®n 1 A<»...®fi 1 jl 

A A A 



VecA , 



where we have n copies of VecA and fi 1 A. It is important to note that the definition 
of Vec®"A and f2®"A uses ®a, the tensor product over the algebra. For clarity, we 
will often use id®" as the identity on Vec®"A or &® n A. 

Definition 2.6 Define the n-fold evaluation map ev<™> : Vec® n A ® A &® n A -> A re- 
cursively by 



ev 



ev , ev 



(n+l) _ 



ev (id ® ev {n) ® id) , 



and the coevaluation map coev^ : A — s- f2 0n A 0^ Vec®"A &y 

coev^ = coev, coev^" +1 ^ = (id ® coev^ g3 id) coev , 

To illustrate Definition 12.61 we use Fig. the coevaluation diagram looks similar 
but upside down! 

Vec®"AO® n A 
Vec 0n+1 A fP' i+1 A VecA ft 1 A 



Fig. 5 





3 Covariant derivatives on fields and forms 

Consider a right covariant derivative on Q 1 A and the corresponding dual left covariant 
derivative on VecA. We then extend these to n-tuples of forms and fields, and consider 
the generalised braiding given by bimodule covariant derivatives. 
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3.1 A right connection on tensor products of 1-forms 

We begin with the right handed analogue of Definitions 12.21 and 12.31 Suppose that 
□ : ft 1 A — > VI 1 A^a^I 1 A is a right bimodule covariant derivative, so it satisfies, for 
£ G f^A and a £ A, 

□ (f.a) = □(f).a + f®da, 

□(o.f) = a.D(0 +o- _1 (do(»0 . (2) 

Here er -1 : fi 1 ^ VI 1 A — > SI 1 A ®a ^A is a bimodule map, and we shall assume 
that it is invertible with inverse a. [The reader should note that the inverse in u -1 
is a convention, set to be compatible with the use of a for left bimodule covariant 
derivatives, and to be compatible with the notation for braided categories as previously 
described.] Now □ extends to a right bimodule covariant derivative : il® n A — > 
£l® n+1 A, defined recursively by 

□ <°> = d , □« = □ , 

3.2 A left connection on tensor products of vector fields 

Suppose that □ : fi 1 A — > ^A^a^A is a right bimodule covariant derivative, with 
generalised braiding cr _1 : VI 1 A Cgu VI 1 A — > Q}A ®a ^A invertible (the inverse being 
denoted a). Then there is a left covariant derivative □ : Vec^4 — ► fi 1 A <£ia VecA so that 

doev = (id®ev)(D®id) + (ev<g>id)(id<g>D) : VecA<g,Q 1 A^Q 1 A, (3) 

A 

[It will be convenient to use □ for both this covariant derivative and the one on ft 1 A, 
and distinguish them by their domains.] We give a pictorial interpretation of ([3]) in 
Fig. [6] Note that in the diagram to the left of the equality in Fig. |6]we assign a visible 
line to A, so that we can see what the derivative d : A — > il x A applies to. 



VecA to 1 A VecA &A VecA Q}A 




Fig. 6 



&A OM 9}A 



The covariant derivative in ([3]) is defined, using coev(l) = a®w € SI 1 A (gu VecA 
(summation implicit), as 

D(v) = d(v(a))®w - (ev®id®id)(v®n(a)®w) . 

To show that this works, first we need to note that it only depends on a8tfi G 
VI 1 A <S)a VecA (emphasis on <E>a), as v is a right A- module map. Then we need to 
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use a.coev(l) = coev(l).a G 17 1 A ®a VecA for all a £ A, which follows from coev being 
a bimodule map. Then □ is a left bimodule covariant derivative, as, for v 6 VecA, 

D(v.a) = D(v).a + <r(v <g>da) , 
D(a.v) = a.n(v)+da®v, 

where a : VecA (g>A 17 1 A — >• Q}A ®a VecA is defined by 

a = (ev<g)id(g>id)(id<g)o'~ 1 <g id)(id ® id (g coev(l)) . (4) 

In l|4|). note that in line with the comment on notation in the introduction, the a 
and cr _1 are not inverses of each other, as they have different domains. Then ([4J is 
equivalent to Fig. [3 by using the usual properties of evaluation and coevaluation: 

VecA to 1 A VecA ft 1 A Vl l A 

\ 




ev ev 
Q}A fl l A 

Now □ extends to a left bimodule covariant derivative : Vec® n A — > H 1 A (gu Vec^ 
defined recursively by 

□ <°> = d , □<!> = □ , 

□ = □ ®id® n + (tr®id®' , )(id® 1 <8>n< B >) . 

Proposition 3.1 For all n > 1 we /icwe 

dev<"> = (id®ev^)(D<">(gid) + (ev< ,l >(gid)(id(gn <ri) ) : Vec®"A® 17® "A Q X A . 

A 

Proof: The n = 1 case is true by definition of □ on VecA. Now suppose that the 
statement is true for n, and take 

v<8>w<g)/3(g)a G VecA<g)Vec <8!n A(g)fi l8m A<g)Q 1 A . 

— AAA 

Now calculate 

(id ® ev<" +1) ) (□ <n+1) ® id® 11+1 ) (v (g w <g £ ® a) 
= (id(gev < " +1) )(Dw(gii;(g i 5(ga + (a <g id® ™)(v ® w) (g /3 <g a) 
= (id(gev)(Dug)ev < " ) (w(g^).a + (cr g) id) g)(id g) ev < " ) )(D < ™ ) w(g^) (g a) , 

and since from (Q}, 

(id(gev)(c(gid) = (ev <g id) (id g) ct" 1 ) : VecA (g l^A g) SI 1 A -> f^A , 

A A 

we have 

(id <g ev (n+1> ) (□<"+!> ® id® n+1 ) (« ® ffi <g fi <g a) 
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= (id®ev)(D?;®ev^(u;®,S).a) 

+ (ev®id)(id®cr~ 1 )(iJ®(id®ev <n> )(D <n> ;w®,0)®a!) . 

Also calculate 

(ev (n+1) ®id)(id® n+1 ®n {n+1) ){v ®w® §_®a) 
= (ev <n+1> ® id) (y ® w ® ® Da + u ® w (8) (id® " ® cr^ 1 ) (□<"•>/? ® a)) 
= (ev®id)(v®ev (ll> (u;® /3).Cb + (id ® ct" 1 )^ ®(ev <n) ® id)(w ® D^/3) ® a)) . 

Now, using our assumption, 

((id®ev <n+1) )(D <n+1) ®id® n+1 ) + (ev <n+1) ®id)(id®" +1 ®n {n+1) ))(v ®w® §_® a) 
= (id(g>ev)(Di;(g>ev <n> (ui(g> ft). a) + (ev® id)(v®ev <n> (w®/3).Da) 

+ (ev ® id) (id ® o- 1 ) (« ® ((id ® ev <n> ) (□ <n> w ® £) + (ev {n) ® id) (u> ® ® a) 

= (id® ev)(Ck;® ev <n> (u>®/3).a) + (ev®id)(t>®ev (n> (u>®/3).Da) 

+ (ev ® id) (id ® a" 1 ) (u ® d ev <n> (w? ® /3) ® a) 
= (id®ev)(Du®ev <n> (u;(8)^).a) + (ev ® id)(w ® □(ev < ™ > (w ® §).a)) 
= dev(«®ev <n> (u>®/3).a) 
= dev {n+1) (v®w®§_®a) , 

which completes the proof by induction. □ 

4 An action of tensor products of vector fields 

We briefly remind the reader of some notation. In Section 13.11 we introduced □ : 
ft 1 A — » fl x A ®a &A as a right bimodule covariant derivative, with generalised braiding 
er -1 : Vl 1 A^a^I 1 A — > il x A <3a ft 1 A invertible (the inverse being denoted a), and its 
extension to tensor products : ft® "A -> ft® n+1 A In Section O we introduced 
a dual left covariant derivative □ : VecA — > ft-'A®^ VeaA and its extension : 
Vec® 71 A -> ft 1 A ® A Vec® "A. 

Suppose that E is a left A module, with a left covariant derivative V : E — >• 
ft 1 ^®^ £. We iterate this to define V (n) : E ^Vl® n A® A E recursively by 

V «=V, V (n+1) = (□<" ) ®id iS + id® ,l ®V)V (n) . (5) 

To do this, we need to check that ® ids + id® n ® V is a well defined operation on 
ft® "A® A £, which we do as follows, for a £ A, £ G ft® "A and e e £: 

(□ <n) ®id f; +id® ,l ®V)(£.a®e) = □ <™>(£).a®e + £®da®e + £.a®Ve , 
(□<™>®idi? + id®™®V)(£®a.e) = n <n> (£) ® a.e + £® da ® e + £® a.Ve . 

Now we can define an 'action' of w £ Vec® "A on e G -E by 

v>e = (ev^®id £ ;)(w®V ( ™ ) e) . (6) 
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The quotation marks in 'action' are due to the fact that we have not yet given the 
product with respect to which it is an action. This will be given in the forthcoming 
Theorem 14.51 It would, however, be slightly dishonest to pretend that Theorem 14.51 
was obtained by a claim that the product was in any sense obvious, rather than by 
saying that the action is the obvious quantity. The following Lemma 14.11 about the 
action will be useful in several places. 

Lemma 4.1 For the operation o in (0|), with v G Vec®"A, w G VecA and e G E, 

w\>(v>e) = (w(g>v)t>e+ ((ev (g> id® (g> □ < ™ ) w))> e . 

Proof: Begin by using Prop. ETTl on the definition of yj>e as follows; 

V(u>e) = V(ev <n) ®\A E ) (u<g>V (n) e) 

= (dev<">®id £; + ev<™>®V jE )(w®V (n) e) 
= (id <51 0ev<">®id B )(D<™>i;®V (n) e) 

+ (ev<™> ® id® 1 ® \& E )(v ®(D <n) g> id £ + id® n ® V) V (n) e) 
= (id® 1 ®ev<"> ®id B ) ®V (n) e) 

+ (ev <n) (»id® 1 ®id s )( 2 ;®V (n+1) e) . 

Now we have 

w>(v>e) = (ev®id_E)(w® V(w>e)) 

= (ev^ev^idfiXw^n^^V^e) 
+ (ev<™ +1 > ®id £ )(w®v® V (n+1) e) ■ □ 

Lemma 4.2 For aZ/ k > 0, the following recursive procedure gives a well defined func- 
tion » fe : Vec® n A(g)Vec® m A -> Vec® fe A satisfying (a.v) » k w = a.(v» k w), for all 
a G A. The definition is recursive in n > 0: The starting cases are (for u G VecA and 
weVec® m A) 

_ [ a.w k = m 

[ k^m 

!u®w k = m + 1 

(ev(g>id® m )(u(g>n (m> u>) fc = m 
otherwise 

TTie definition continues with, for v G Vec®"A (setting »_i £o be zero), 

(u<S>v)»km. = u®(v* k -iw) + u»k(v»kw)-(u» n v)»kw. 

Proof: We prove that (a) « fc : Vec® 71 A ® Vec® m A -> Vec® fc A is well denned, and 
that (b) (a.;z/) %\ t w_— a.(v w) for all a G A, by induction on n > 0. To begin, the 
explicit formulae for n = and n = 1 have these properties. Now assume that (a) and 
(b) hold for n, and examine the n + 1 case. 

For (a) we note that, a priori, the recursive definition in the statement only defines 

•I, : (VecA g) Vec® n A) ® Vec® m A -> Vec® fe A . 
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Instead of VecA® Vec® n A we want VecA <8u Vec® n A, and that necessitates the fol- 
lowing check: Continuing the notation of the statement, we require the equality of the 
following two quantities in Yec® k A, 

(u.a ® v) *kW_ = u.a ®(w »fe_i w) + (u.a) »k (v » k w) — ((u.a) •„ v) w , 
(u(g>a.v)u k w = u®((a.v) » k -i w) + u m k ((a.v) * k w) ~ (u •„ (a.v)) » k w . (7) 

Using our assumption of (b) for n, we have 

(u®a.v)» k w = u®a.(v»k-i w) + u» k (a.(v •kw)) — (u» n (a.v)) • k w ■ (8) 

From the statement, for x £ Vec® B A, 

(u.a)» 8 x = u » s (a.x) — ev(u ® da).x , 

and using this twice (for s — k and s — n) on (J8J) gives 

(u €3 a.u) »fc w; = u.a(8>(v» k -iw) + (u.a)» k (v» k uj) — ((u.a)» n v)» k w 

+ ev(u <8> da).(v_ * k w) — (ev(u (g) da).w) w , (9) 

and by the assumption (b) again we have the result that both quantities in ([7J are 
identical. 

For (b) we have, using the inductive hypothesis, 

(a.u ® v) •/. w = o.ii ®(s »n i) + (o.ii) "I (» «i w) - ((a.ii) •„ «) ^ w 
= a.u ®(v »fe_i w) + a.(u » k (v » k w)) ~ (a.(u •„ v)) »fe UL 
= a.((u<3)v) •kw) . □ 

The motivation behind Lemma 14.21 is given by the following result. 
Proposition 4.3 For all v £ Vec®M and w £ Vec® m A, 

v\>(wt>e) — J^(w»fcw)>e. 

k>0 

Note that the indices in the summation are finite, as v u k w — for k > n + m. 

Proof: This is proved by induction on n > 0. The n — case is automatic from the 
definition, and the n — 1 case is a combination of Lemma 14.11 and Lemma 14.21 Now 
suppose that the result is true for some n > 1, and consider 

(u<g>v) >(w>e) , 
where u £ YecA and v £ Vec®"A By Lemma [4J] we can write 

(u®v)>(w>e) = u>(v>(w>e)) - ((ev®id® n )(u®0^v))>(w>e) . 
Now we can use our inductive assumption to write this as 
(u®v)t>(w>e) = u>y^ j (v » fc w)t>e - ^ ( ((ev ® id®")(zt ® D^v)) * k wj >e , 

fc>0 fc>0 
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and using Lemma 14.11 again gives the result (with a shift in summation index) 
(u <g> v) >(w_> e) = ®(v *k w) + u »fe (w »fe w) — (u •„ w) u k z«j > e . □ 

fe>0 

Proposition 14.31 suggests that the following Proposition 14.41 might be true, but an 
explicit check is necessary. 

Proposition 4.4 On the free tensor algebra 

TVecA = 0Vec 0n A , 

n>0 

the operation • : TVecA <g) TVecA — > TVecA defined by 

k>0 

makes TVecA into an associative algebra. 

Proof: We prove that, for all w,x £ TVecA, 

v*(w.*x) = (v. • w) • X , 

for v £ Vec® n A by induction on n. The n = case is just the left A linearity property 
which has already been noted in Lemma 14.21 Now suppose that the result is true for 
some n > 0. From Lemma T4. 2 1 for v £ Vec® n A and u £ VecA 



(u®v)u k (wu s x) = u®(v» k ^i(w» s x)) + uu k (v» k (wu s x))~(u» n v)» k (wu s x), 

and on summing over k and s, we find 

(u ® v) • (w • x) = u ®{v_ • {w_ • x)) — (u m n v) • (w_ • x) + J]] it »fc (w »fe (w • x)) ■ (10) 

k 

Applying Lemma 14.21 twice. 



((u<g>v) *k w) » s x = (u®(v»k-iw)+u»k(v»kw) — (u» n v)»k wj 

= U ®((v U>) » a _i x) + U « s ((« •/._! U>) « s x) 

- (u »fc-l (w »fe-l «>)) •« £ 

+ (w»fcw) - (u • n v) •kw) » s x , 



• „ X 



and on summing over k and s, we find 
((u (g) v) • w) • x = M <8>((v * w) * x) + u •s ((v • w) » s x) 

s 

- /ju •k-i (y. *fe-i m)) • £ 
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+ ( u ° k (- * fe — )) * - ~ (( u * n -) • — ) " - 

= it <8>((w • is) • £) + J]] u •« (fe • w) •« 2l) ~ (( u *n 2i) • w) • £ • 

By using the inductive assumption, we can rewrite this as 
((u <g> v) • «;) • x — u <g>(v • (w • x)) + J]] it •« ((« • w) » s a;) — (it « n w) • (w • x) , 

s 

and combining this with (1101) gives (relabeling one index from k to s) 
((u (g) • w) • x — (u® u) • (w • x) 

= ^ U » s ((« • «j) » s X) - ^ U » 8 » s (j£ • X)) , (11) 

s s 

The degree s part of v • (w • x) = (v»w)»x gives the following, completing the proof 
of associativity: 

v « s (w • x) = (w • w) » s x . □ 

We should stress that the associative multiplication • in Proposition 14.41 is not 
defined on TVecA ®a TVecA, but just on TVecA <g>c TVecA This is not surprising, 
as in repeated application of vector fields, the vector fields will themselves become 
differentiated. However the reader should remember that this problem arises with 
the usual bimodule structure on the tensor product, which is given, for example, by 
(u®v).a = u®(v.a) and a.(u®v) = (a.u)(£>v. The fact that • is associative gives 
alternative Abimodule actions. We define TVecA> to be the same as TVecA as a left 
A-module, but with right module structure given by •. We have no need to modify the 
left action, as the usual action is the same as • in this case. Now we state the main 
result in this section. 

Theorem 4.5 The A-bimodule TVecA. with product • : TVecA> ®a TVecA> — > 
TVecA. defined by 

k>Q 

is an associative algebra, with unit 1 G ~Vec®°A = A. Further, for a left A-module E 
with left covariant derivative V, the map in (0|) gives > : 7~VecA, <8>yt E — > E which is 
an action of this algebra. 

Proof: Combining the results in this section. □ 

Remark 4.6 We need to say something about the category a& introduced in Definition 
\2.5\ For a morphism T : (E,We) ~ ► (f, Vf) it is easy to show by induction that 
(id®T)Vt; = V^? T. From this we have v>T(e) — T(v>e) for all e G E and all 
v e TVecA 
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5 Noncommutative Sobolev spaces 



In the classical theory of elliptic differential operators, a vital part is played by Sobolev 
spaces [26l [2TJ [10] . They are also used in the analytic theory of complex manifolds [11] . 
The space W k,p is used to denote the functions which have LP norm of the derivatives 
up to order k (defined as a completion of smooth functions of compact support). This 
is normally defined locally, but in noncommutative geometry we are forced to use a 
global definition. To do this we use a Hermitian inner product on SI 1 A. Given the 
machinery that we have in place already, it is convenient to define the Sobolev space 
for left modules E with covariant derivative, and then specialise to the case E = A if 
required. We shall only cover the p = 2 case, but this is the most useful case, as it 
gives a Hilbert space. 

We must first define inner products on A-bimodules, where we assume that A is 
a star algebra. In fact, we shall assume that A is a subalgebra of a C* algebra, so 
that we have the usual ideas of positivity. (The reader should think of the algebra of 
smooth functions on a compact manifold being a subset of the continuous functions.) 
We shall also assume some functional calculus for M n (A), the n by n matrices over 
A. We write a > to indicate that a G A is positive. We use [T3] as a reference for 
Hilbert C*-modules. 

If E is an yl-bimodule then E is identified with E as a set but has the conjugate 
actions a.e = e.a* and e.a — a*.e. Here e denotes e G E viewed in E. 

Definition 5.1 An inner product on a bimodule E is a bimodule map (, ) : E ®a E — > 
A which satisfies the symmetry condition for all E: 

(x,y) = (y,x)* . 

The inner product is positive if (x,x) > for all x G E. 

We now have the following well known result: 

Proposition 5.2 Suppose we have inner products {,)e, (,)f on A-bimodules E,F 
respectively. Then there is an inner product {,)e®f on E ®a F, given by the formula 

{x®y,x' ®y') E ®F = {x.{y,y') F ,x')E , 

for all x, x' G E and y, y' G F. If (,)e an d (, ) f are both positive, and we can take the 
square root of positive matrices with enteries in A, then (,}e^>F is also positive. 

If we have positive Hermitian inner products on E and on ^A, using Proposition 
15.21 we can form the tensor product inner product 

(,)„ : (n® n A(g>E) ® (n® n A®E) -> A . 

V A A A ' 

From this we can form the A- valued inner products of the nth derivatives; 

((e,7))n = (V("»e,vW/)«. (12) 

Note that we have set to be the identity. Now the only missing part of following the 
classical definition is integration. Take a state (j) : A C, i.e. a linear map preserving 
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positivity and having 4>{\a) — 1- We can define a number valued semi-inner product 
on E by 

0«(e,7» o ) + <t>(((eJh) + ■■■ + 0(«e,7»n) ■ (13) 

If the original inner product {,}e is strictly positive, and <fr is a faithful state (i.e. 
4>{x) — for a; > implies x = 0), then this is an inner product on £\ The Sobolev 
space W n ' 2 (E, 4>, V) is the completion of E under the inner product in (|13p . 

6 Another crossing map 

For E G and F £ a£, we shall define and study the map -&E given by Fig. |8] The 
significance of this will be explained in Section [5] 

TVecA E F TVecA E F 




> 



Fig. 8 



E F E F 

As the reader should be used to by now, we shall construct the map i?^ by recursion 
on n where §e '■ Vec® n A®E — > E ($a TVecA, where we will worry about just what 
sort of tensor product on the domain or whether it is a module map later. To do this 
we start with n = and $e ■ A <3a E — » E <E>a A being the identity. For n — 1 using 
the formula for the action of VecA on a tensor product (given by Ve^f) in Fig. [8] 
gives 

$ e = > + cr E 1 : VecA®E -> £<g) TVecA . (14) 

A 

The first term on the right hand side in (fT4|) is in E <S)a A and the second in E <S>a VecA. 
Now we calculate, for v € VecA, oel and e 6 E 

i9_e(v ® a.e) = v(da).e + $E(v.a®e) , (15) 

and conclude that we do not get a map from VecA ®a E. However the reader should 
recall that this is not the right A-module structure for TVecA used in Theorem 14.51 
The structure used there was TVecA,, where we have v • a = v. a + v(da). This means 
that ^e does give a well defined map from (A © VecA). ®a E to E ®a TVecA. Next 
note that (fT4|) gives a left A-module map. Finally, for the right module structure: 

"DE{v®e.a) — {e~v ®\Ae){v ®V E{e.a)) + a^}{v ®e.a) 

= -dE{v®e).a-\- (ev®id_E)(id(g>o\E)(v<g)e(g)da) 
= i9e(v <8> e).a + (ids ® ev)(a^ (v ® e) ® da) 
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= $e (v © e) • a 



(16) 



We conclude that $e '■ (A(BYecA), (g> A E — > E® A TYecA, is an A-bimodule map, and 
this shall be the basis for our recursive construction. We have used (A © VecA). as 
YecA itself is not a right A module under the • product. For the same reason, we set 
Vec^®-" = A © YecA © YecA® 2 © ... © YecA® " in the following Proposition. 

Proposition 6.1 Suppose that $e is defined recursively by, for w € Vec^4 and v g 
Yec® n A, 

T? s ((w©v)©e) = (>©id)(id(g)-i?_E)(ii;©2;©e) 

+ (cr^ 1 ©id) (id © Ve) (w©v©e) 

+ (ids ©"X^ 1 ©id)(id©$£;)(u;©2;©e) 

- ^((w»„w)©e) . (17) 

Here • = « m : VecA © Vec® m A — »■ Vec®"M - we do 7iot give it a specific index in J_?7| ) 
as m may wary. Then, for all n > 1, 

W ^ : Vec (8 -"A (giE ^ E(g> A TYecA is well defined; 

2 n ) i9e ■ Yec®- n A, ® A E ^ E® A TYecA is well defined; 

3 n ) d E ■ Yec®^ n A, ® A E^E® A TYecA is a left A module map; 

A n ) § E - Yec®- n A. ® A E ^E® A TYecA, is a right A module map; 

5 n ) u>(e(g>/) = (idg ®>)($e © id_p)(w © e © /), for all v G Yec® n A. 

Proof: Proof by induction. Assume that -d E ■ Yec®~ n A m ® A E -t E® A TYecA, is 
defined and satisfies (l n ,. . . ,5„) - noting that the n = 1 case is done already - see (fT4|) 
and the discussion following it. Now we use (IT71) to give the n + 1 case, and verify the 
corresponding statements. 

The first thing is to check that the right hand side of (TT71) is actually well defined, 
given that $e maps into E <® A TYecA, (emphasising the ©^). For this, we need to 
check that, for all a <E A, u <E Yec® m A, w € YecA and e€ E, 

(t>©id + (idg ©• m )(tr^ 1 ©id))(w ©e.a©u - UJ©e©a.u) = 0. (18) 

Look at 

(>©id)(ui©e.a©w — w©e©a.u) = (ev © ids © id)(w © oe{c © da) © u) 

= (id E ©ev©id)(cr £ ; 1 (w©e) ©da©w) .(19) 

Verifying (|T5)) reduces to showing, for w' S YecA, 

w'(da).u + u m (w' .a © u — w © a.u) = 0, (20) 

which comes from the definition of » m in Lemma 14.21 and the left Leibniz rule for □. 

To prove (l n+ i), we use (3„) to show that the middle two terms of (|l~7l) evaluated 
on u>©a.w©e are the same as on w.a©w©e. For the first and fourth terms, we have 



(>©id)(id©$£:)(w©a.w©e — u>.a©u©e) 
$e((w •„ (a.v)) © e) - § E {{{w.a) •„ v) ® e) 



= (>©id)(w©a.i?_E(w©e) — w.a©$£(v©e)) 

= w(da).i!}E(v ® e) , 

= i?_E(u;(da).u © e) = iw(da).$,E(v ©e) . 
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These cancel in (fTT)) . verifying (l n+ i). 

To prove (2„ + i), it is convenient to rewrite (|17[) as 

i)e((w • v) ®e) = (>®id)(id®i?E)(w®2i®e) 

+ (ct^ 1 ® id)(id(g) ■!?£;) (w®£®e) 

+ (Id^®*)^ 1 ®id)(id®i? F )(w®v®e) . (21) 

We need to show from (f2Tj) that #E((u?«i;)«a® e) = #e((u?«i;) ® a.e). By associativity 
of •, it is sufficient to verify that $e(w • (v • a) ® e) = $e{{w • u) ® a.e). To do this, 
it is enough to show that the right hand side of (f2~Tj) is the same when applied to 
iu ® u • a ® e and to w ® ?; ® a.e, but this is true from (2„). 

Proving (3 n +i) is quite simple, as every term on the right hand side of (fTT)) is left 
A- linear in w. 

To prove (4 n+ i) we use (|2T|) again. Set i9g(i;®e) = /®u. Then (4„) implies that 
$e(v® e.a) = /®u»a. The right hand side of (f2~T|) applied to w®t>®e.a instead of 
u> ® ?; ® e is 

u;> / ® u • a + (idE ® •)(cr^ 1 (w €5 /) 8m • a) , 

where we have combined the last two terms of (|2~Tj) to give the last term of ((22]) 
associativity of • gives the answer. 

Finally we consider (5 n +i). From Lemma |4. II we can write 

(w ® v) > (e ® /) = it; > (u > (e ® /))-(«; i»t;)>(e®/) , (23) 

and using the inductive hypothesis (5„) gives 

(w®v)>(e®f) = w>((id B <g>>)(i? B <g>idir)(u<g>e<g>/)) 

- (id B (g)>)(?9 £ ;(g)id F )((w» n w)(g)e(8)/) 
= (>®>)(id®i? F ® id F )(u>®v® e® /) 

+ (id B (g)>)(cr £ ; 1 ® id F )(id® id F ®>)(id®?? E ®id F )(w® £® e® /) 

- (id F ®t>)(i? F ®id F )((it;» n i/)®e®/) 
= (>®>)(id®i?E ® id F )(w®v®e®/) 

+ (id F ®t>)(id E ® id ®[>)(cr £ 1 ® id® id F ) (id ®$ F ® id F )(w ® v ® e ® /) 

- (id F ®>)(# F ®id F )((it?»„i;)®e®/) . (24) 

By using Lemma 14.11 again, we can rewrite the middle term of the result of (|24p as 
follows, 

(iw®v)>(e®/) 
= (><g>>)(id® $e ®id F )(u>® v® e® /) 

+ (id B ®>)(cr~ 1 ®id®id F )(id®t?£;®id F )(w®i;®e®/) 

+ (id B ®>)(id F ® i®id F )(cr£ 1 ® id® id F )(id®t?£; ®id F )(w®«® e® /) 

- (id F ®>)(i? F ®id F )((w»„u)®e®/) . (25) 

Now (|25l) implies (5 n +i) by the recursive definition ([TT]) . □ 

Note that we can rewrite the recursive definition flTTJ in a shorter form as 

$ F (w • v®e) = (i>®id)(id®t? F )(u;®w®e) 

+ (cr^ 1 •id)(id®i? E )(w®w®e) . (26) 



(22) 
. Now 
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Proposition 6.2 

fiE®F = (id B (g)i?i?)(i? B i8)idir) : TVecA. ®E®F -» £ <8> F <g) TVecA. . 

A A A A 

Proof: This is proved by induction on n, where § E ® f '■ Vec®-™v4, 0,4 £7 ®a F — > 
E® A F® A TVecA m . 

The n = 1 case is given by (fT4"l) as 

$e®f = >e®f + ct e L f :Vec A. ®E® F E®F®TVec A, . (27) 
Next write 

(id E <E)^f)(^e ® idf) = (id F ® #f)(>f ®id F + cr^ 1 ® id F ) • (28) 

Remember that $ F is essentially the identity on Vec® °A, (x)a F, so we obtain 

(id F <g)tf F )(tf F ®id F ) = > F ®id F + (id E ® ■d F )(a E 1 ®id F ) , (29) 

and, using the formula for the action of vector fields on a tensor product, this is the 
same as (|27|) . 

Now suppose that the hypothesis works for n. For all v £ Vec® n A, w £ VecA, 
ee£ and / G F, the recursive definition (|2l?)) gives 

■$e®f(w • w®e® /) = (> F ® F ®id)(id<g)-!? F ® F )(w®w®e<8)/) 

+ (°f®f •id)(id®i? jB ® F )('u;(g)U(g)e(g)/) . (30) 

By using the inductive hypothesis, we write 

(°f ® f ® id) (id ® $f ® f ) 
= (id F (g)^ 1 (g)id)(cr^ 1 ® id F ® id)(id®id F ®0 F )(id®0E ® id F ) 
= (id F (gicr^ 1 (g)id)(id F (g)id(8)i3 F )(cr^ 1 ®id® id F )(id®^ F ®id F ) , (31) 

and from this we get the second term of ([30|) . 

(°f®f »id)(id(g)i?B 0F ) 
= (id B gxr^ 1 <g> id) (cr^ 1 ®id F <g> id) (id® id F (g>t? F ) (id® <& E ®id F ) 
= (id F (g)(cr^ 1 • id)(id(g)i? F )) ((cr^ 1 <g) id)(id ® tf F ) (g> id F ) . (32) 

Using (|2"rJ)) twice gives 

("f 8F • id) (id (x) i? F ® f) 
= (id F (g)'i? F (»(8)id F )) ((ct^ 1 <g> id)(id<gn9 F ) (g)id F ) 

- (id F ®(> F ® id) (id 01?^)) ((tJg 1 ®id)(id® tf F ) <g)id F ) 
= (id B ®tf F ) ((cr^ 1 •id)(id(8n9 F )®id F ) 

- (id F ®(> F ® id) (id (8 #f)) ((cr^ 1 ® id)(id®tf F ) <g)id F ) 
= (ids (g) i? F ) (i?E(»(g)idE)(8id F ) 

- (id F <g)t? F ) ((> s ®id)(id(g)i? £ ;)®id F ) 

- (id F <g)(> F <g)id)(id®i? F )) ((cr^ 1 <g> id) (id ® d E ) ® id F ) . (33) 
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At this point we consider the last two terms of ([551) separately: The second is 

(id E ® #f)(>e® id® id F )(id(g)z? £ «)id F ) 
= (> E <E> id F ® id) (id (8 id B t? F )(id ® ??f ®id F ) 
= (> £ ;®id F (g)id)(id®^ £ ; ( g 1 F) , (34) 

and the third is 

(id F ® >f ® id) (id B ® id <g> i9i^)(cr~ 1 ® id <g> id F )(id ® d E ® id F ) 
= (id B (gf^F^idKcr^ 1 ®idF ® id) (id ® ids ® i?F)(id ® i?e ® id F ) 
= (idF®>F®id)(o-^ 1 ®idF®id)(id®$F®F) • (35) 

Now we put these results back into (|30|) to get 

$e®f(w • v<3e<S>f) 
= (id E (g>'& F ) (-&E (g> id F )(w • e® /) 

- (>F<8>idF®id)(id<g)z?F®F)(w(g>w®e<8>/) 

— (ids ® >f ® id)(cr£ 1 <g> idF <S> id) (id <g> $f ® f)(w <8> v ® e ® /) 

+ (>F®F®id)(id®i?F®F)(w®«<g>e<g>/) . (36) 

The last three terms of (j3"rJ)) cancel (remember that w S VecA) , proving the hypothesis 
for the case n + 1 . □ 

Proposition 6.3 For all TVecA, 

$F(w»w<8>e) = (idF®»)(i?F®id)(id®^F)(li®w®e) . 

Proof: This is proved by induction on m, where u 6 Vec® m A First the m = 1 case 
is given by combining (|14[) and (|26[) . Now suppose that it is true for some m > 1, and 
consider, for all w £ VecA, 

$f((w •«) • v(g>e) = i?f (ff • (u • v) <8> e) 

= (idF®»)(^F<8>id)(id®??F)(w®M»w®e) 

= (ids ® »)(^f <8>id)(w(X)(idF <8>»)(i?F ®id)(id(g)t?F)(u(8>w(8)e)) 

where we have used, in order, associativity of •, the m — 1 case, and the inductive 
hypothesis. This can be rearranged to give 

$e((w • u) • v <8> e) 

= (id B ®»(id® »)(i?f ®id(8)id)(id(g)-i?F ®id)(id(g)id(8)-i?F)(w(8'M®w®e) 
= (id s ® »(»®id)(^F Kiidigiid)^®^ ®id)(id(g)id(Xi??F)(w®M(8)^(8 , e) 
= (ids <8> •i'&E ® id) (id (g> i)e)(w • u® v (g> e) , 

where we have used the associativity of •, and the m = 1 case. This concludes the 
inductive proof. □ 

Proposition 6.4 T/ie following map is simply the • product: 
d A ■ TVecA. (g>A^A(g> TVecA. = TVecA. . 

A A 
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Proof: First note that , d A (v®a) = $a(w • a® 1a)- Now check the formulae for 
^(tt (8) 1a), given that any differential applied to 1 A gives zero asd(lA) = 0. □ 

The map d E maps Vec® n A. ® A E to the sum of E<E> A VecAf m for m < n. On 
the level of E ® A Vec^4® n (i.e. ignoring the m < n terms) it is simply er^ 1 , which 
is assumed to be invertible. By standard graded arguments, it is likely that #e is 
invertible. Here we shall give a recursive definition of its inverse. 

Proposition 6.5 The inverse 

d^ 1 ■ E® A Vec® n A. ->• TVec.4. ® A E is given recur- 
sively by the identity for n = ; i) E l (e <g) w) = (id Cg> id E — >) o~ E /or n = 1, and i/ien &y, 
for f eE,ve Vec® n A and u G Vecyl, 

$ E l {f®u®v) = (id • tf^ 1 ) (cr s <g> id) (/ <g> u (g» v) - f?^ 1 (/® u>«) 
- 0£ 1 ((>er 2S ®id)(/®u<8!i;)) . 

T/izs can &e rewritten as 

■d-E 1 (f® umv ) = (^•■d E 1 -d E 1 (>®id))(a E (f®u)®v). 

Proof: The n = 1 case is by explicit calculation. 

Now assume that the formula for -d E l on E® A Yec® n A, works. Then we can use 
([26]) to write, for v G Vec® 71 A and w G VecA, 

fc(«'»i?E 1 (e®i')) = w>e ® u + a E [w ® e) • v . (37) 

If we write a E 1 (w Cg> e) = / CB> u for u G VecA (summation implicit), then 

t? B (id»i3^ 1 )(cr £ ;(g)id)(/(g)w(g)i;) = (><r B ® id)(/ <g><u (giv) + /(g)U • u 

= (>cr B ®id)(/ (g>u(g>v) + /ig) u®« 

+ f®u>v. (38) 

As two of the terms of the right side of (|38|) are in the domain of previously defined 
§ E , we can rewrite ([38]) as 

f®u®v = ^ E f(id»'& E 1 )(a E iS>id)(f <S>u®v) - ^(f ®u>v) 

- ■& E 1 ((><r E ®id){f®u®v))) , (39) 

and this gives the recursive formula in the statement. We leave checking other prop- 
erties of d^ 1 to the reader. □ 

7 A rather unusual covariant derivative 

We give a left bimodule covariant derivative on TVecA,. Given the dual basis coev(l) = 
£<£>u G ti L Atg) A VecA (summation implicit), define V : TVccA ->■ &}A <g> TVecA by 

V(u) = ■ (40) 
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As a.u — a • u for a G A, we see that V only depends on £ ® w £ f^yl 0a Vec^l (with 
the emphasis on d2u). We need to look at the defining characteristic of a left covariant 
derivative, 

V(a»w) = £ (g>(w • (a • v)) 
= £ <£>((« • a) • v) 

= ^(g)(M(da) •«) •«) ■ (41) 

Next we use coev(a) = a.£ (g) u = £ {? u.a g Sl 1 ^! 0^ Vec^4 to compute 

V(a»u) = £ £3> u(da).v + u.£ (g>(it • v) 
= £.u(da)®v + u.t;'3(u»v) 

= da®v + u.W(v) . (42) 

Here we have also used the defining property of a dual basis, £.u(det) = da. Now we 
look at V as a bimodule covariant derivative on TVecA.. Calculate 

V(w • a) - V(w) • a = (««a)) -£®((u»v) »a) = 0. (43) 

We come to the rather surprising conclusion that (T"Vec^4,, V, 0) is a bimodule covari- 
ant derivative. 

Suppose that (E,V e,ve) is a bimodule covariant derivative. Then consider the 
tensor product covariant derivatives, 

V Elg ,rvecA.(e(g>£) = V B (e) ® v + a E (e®0 ®(u • v) , 

V7-VCCA. ®e(v ® e) = £®(u»v)(g>e . (44) 

The last derivative looks unusual, until you remember the zero arrived at in (|43[) . 
meaning that differentiating e gives no contribution to the derivative in the second line 
of ((HI). Note that from (gHl) we have 

$E(wv<g)e) = (>(X)id)(id®^£;)(w®w(g)e) 

+ (ct^ 1 • id)(id<g)tf E )(w<g>v<g>e) . (45) 



From this and (1441) . 

(id<E)'dE)'^rvccA.S)E(v<E>e) = £ (g) i? E (tt • « (g> e) 

= £<£>(> ®id)(u<g> i?E(u(g>e)) 

+ C®^ 1 •id)(M(gn9 £ ;(w®e)) . (46) 

Remembering that coev(l) = £<g)u € f^A (g>^ VecA, we obtain 

(id®^ 1 )^®?/®/) = (o-s <g> id) (/®£<8> u) , (47) 

and from (|44"1) we have 

V E ®TVecA.(e(8)u) = Vij(e)®u + C®(c r B 1 •id)(w®e®w) . (48) 

By definition of ££S>u, ^®ui>e = Vfi(e), and we have proved the following result: 
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Proposition 7.1 For the coevaluatian coev : A — > fl 1 A (£>a VecA, the map V(v) = 
coev(l) • v gives a left covariant derivative on TYecA m . It is also a right module 
map, so (V,0) is a left bimodule covariant derivative on T~VecA m . Given another 
object {E,V e,o~e) in the map i9e ■ TVecA, eg) a E —> E ®a TVecA. defined in 

Provosition \6.1\ is a morphism in a&a, i-S- 

(id® ^b)V T VccA. ®E = V B g, TVecA. $E ■ 

8 The centre of a category 

Recall that a monoidal category (C, <g>, lc, I, r) means a category, with a functor 
® : C X C — > C, a natural equivalence $ : (( <g> ) ® ) — ► ( ®( ® )) subject to Mac 
Lane's pentagon coherence identity and an identity object lc and associated natural 
isomorpisms I : id — > id <g) lc and r : id — »■ lc ® id compatible with $. We refer to [TB] 
for details. In the trivially associated case (i.e. where (X ®Y) <g> Z — X (g>(YCx) Z)) we 
can set $ to be the identity. 

For simplicity, rather than necessity, the following definition ([TH1 Example 3.4] and 
[TBI Definition 3]) is given in the trivially associated case. The centre Z(C) of a monoidal 
category C (with product ® and identity object lc) is a category which consists of 
objects which are pairs (X, ip), where X is an object in C and (p : X (g) — ^ — <3 X is a, 
natural transformation from the functor A i— > X <E> A to the functor Given 
an object A of C, we write this as <p>A : X ® A ^ A<g> X. The natural transformation 
is related to the tensor product by 

Pa<»b = (id®<PB)(<PA ®id) and <p lc = id x ■ (49) 

The centre Z(C) has morphisms a : (X, <p) — y (Y, d) so that a : X — > Y is a morphism 
in C with 

§ A (a <8> id A ) = (idyi ®a)<p J 4:X®A-»A®y. (50) 

From this definition we can derive certain facts about Z(C). 
The centre Z(C) is a monoidal category, with 

(X,(p)®(Y,tf) = [X<S>Y,(tp®id Y )(id x ®tf)) , (51) 

and identity (lclr^ 1 ). It is also a braided category, with 

VY = *(x,*),(y,*) : (X, ip) ®(Y, i?) -> (Y, 0) ®(X, . (52) 

We now give Example 18.11 for two reasons. Firstly, it may reassure those who are 
not familiar with the centre construction that it is not too complicated. Secondly, as we 
shall see it shares relevant features with our main example of the differential operators. 

Example 8.1 Let H be a Hopf algebra. Consider a category of left modules hM- of a 
Hopf algebra H , with morphisms compatible with the H action. The category hM. has 
a tensor product, given by h>(v(£jw) = >v ® h(o\ >w, where Tim ® fya) — is 
the Sweedler notation for the coproduct A of H. 
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We can consider (H,>) to be an object in hM., where > is the left adjoint action 
g>h = gn)hS(g(2))> where S is the anipode of H . For all V G hM., define ipy : 
H®V ^V®H by 

ipv{h®v) — > v <g> /i(2) ■ (53) 
Then tpy is a morphism as 

(p v (gt>(h(g)v)) = <pv(g(i)hS(g( 2 ))®g(3)>v) 

= 9(i) h (i) S{g(i))g(5)>v®g(2)h(2) S(g {3) ) 
= 9(i)h(i)>v<g>g( 2 )h(2)S(g( S )) 

= gxp v (h<E)v) . (54) 

The condition that ip is compatible with the tensor product, 

<Pv®w = {id v <E)(p w )((p v <S>id w ) : H ®V <Z>W -» V ®W <S> H , 

is given by the coassociativity of the coproduct. This means that (H, >) is in the centre 
Z(hM). If the antipode S of H is bijective, then ip is invertible, as (/?y 1 (w®ft,) = 
hp) ®S- 1 (h {1) )t>v. 

A little more calculation shows that the product fi : H ® H — > H is a morphism in 
the category, and that this makes {H, >) into an algebra in the centre Z(h-M), as the 
required extra condition for the product to be a morphism in Z(h-M) is 

<^y(^(g>idy) = (idy ® n)(<pv ®id ff )(id# ®tp v ) : H®H®V -> V®H , 

and is given by the compatibility between the product and coproduct of H. 

Theorem 8.2 The A-bimodule TVecA, with the bimodule covariant derivative given 
in Proposition \ 7.1\ is in the centre Z(a£a) of a£a (see Definition \2.5\) , using the 
natural transformation d : TVecA. <S>a — — ® a TVecA, defined in Proposition \6.1{ 
In addition 7~VeCj4, is a unital associative algebra in Z(a£a), using the product • 
defined in Proposition \4-4\ The natural transformation i? is related to the action of 
differential fields on modules with connection by Fig. 

Proof: To see that $ is a natural transformation, see Proposition [73] The equations 
for the tensor products (|4^]l are given by Proposition 16.21 and a brief calculation. The 
compatibility between the product • and i? is given by Proposition 16.31 and compati- 
bility with the unit is given by Proposition ^. 41 □ 

One would really like to see the structure of a bialgebroid or a X^-bialgebra [5S] 
or, even better, a x^-Hopf algebra [24] on noncommutative vector fields; see [3]. It 
is instructive to consider Example 18.11 again. Here we have an algebra {H, o, ip, fi) in 
the centre of the category hM.. But, given this, can we get back to the Hopf algebra 
structure of HI The answer is yes, but as far as we can see only indirectly. By indirectly, 
we mean that H can be Tannaka-Krein reconstructed from the representation category 
[19] . and we start with hM. There is a 'direct' construction of the action of H by 
h>v = (id® e)ipv(h<E)v) (this is assuming that we know the counit e), but it is not 
obvious to see how to construct A by a similar formula. Likewise, it is not clear how 
to construct the coproduct on TVeeA.. 
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